The volume operator plays a central role in both the kinematics and dynamics of canonical approaches to quantum gravity which are based on algebras of generalized Wilson loops. We introduce a method for simplifying its spectral analysis, for quantum states that can be realized on a cubic three-dimensional lattice. This involves a decomposition of Hilbert space into sectors transforming according to the irreducible representations of a subgroup of the cubic group. As an application, we determine the complete spectrum for a class of states with six-valent intersections.
Introduction
Researchers in gravitational physics these days can look back on a ten-year long effort of quantizing the theory canonically in terms of a set of "new" connection variables [1] . These developments have led to many new insights, but at the same time have not been free of Irrungen und Wirrungen, and the process is by no means finished yet.
From a technical point of view, the problem of representing non-polynomial quantities in the quantum theory (a central difficulty in ADM-type quantization approaches) in this formulation has now been recast into that of diagonalizing the operatordet E, where det E is up to a sign the classical determinant det g of the Riemannian metric g ab on spatial slices. The fact that non-polynomiality can be re-expressed as "polynomiality modulo powers of √ det g" is not specific to the connection formulation (see, for example, [2] ). However, what distinguishes this new approach is the fact that (certain functions of) det g have well-defined finite, self-adjoint operator analogues.
This happens because in the quantization the classical conjugate variable pairs (A are third-order differential operators. Moreover, if the quantization is based on one-dimensional flux line states, as is the case in the so-called "loop quantization" schemes [3, 4] , and also in lattice-discretized versions of canonical quantum gravity [5] , E-flux is quantized. This is ultimately responsible for the finiteness of quantities like the volume operator, which is the quantization of the integral R d 3 x √ det E, for a spatial region R.
The framework we will be using in the following is not the one originally proposed in [1] , since the reality conditions that have to be imposed on its sl(2, C)-valued connections A i a (x) seem to be intractable in the quantum theory. Instead, we will use a closely related version in terms of real, su(2)-valued connection forms [6] , which avoids this difficulty. In this formulation, the Hamiltonian constraint function is non-polynomial.
The subject of this paper is the introduction of a method for simplifying the diagonalization of the volume operator (and potentially other operators relevant in loop quantum gravity), by exploiting symmetries of the Wilson loop states that form the Hilbert space it is defined on. Our discussion will take place in the discretized version of the theory on a cubic lattice. The discrete volume operator one can define on the lattice [7, 8] is closely related to the finite volume operators one obtains after regularization in the continuum theory [9] [10] [11] [12] [13] [14] . The type of intersection of Wilson loop states that can occur on the lattice is at most sixvalent, and therefore not the most general from the point of view of the continuum theory, but also in this case it may well be sufficiently generic from a physical standpoint.
The operatordet E occurs in a variety of contexts. It was originally conceived as an ingredient in the definition of the volume operator, i.e. the quantization of R d 3 x √ det E mentioned above [9, 10] . Defined on the kinematical Hilbert space of the loop representation, this kind of geometric operator enables one to associate well-known geometric properties with Wilson loop states, or possibly coarse-grained ensembles of such states [9] .
With the return to real connection variables in canonical quantum gravity, knowledge of the spectrum ofdet E has become a necessary prerequisite in the study of the quantum Hamiltonian constraint. The fact that the quantum dynamics can still be made well-defined, in spite of the non-polynomiality of the Hamiltonian, was first demonstrated in the context of the lattice theory [15] . A quantum Hamiltonian for the continuum theory was constructed in [16] . In order to get rid of the inverse powers ofdet E that occur naturally, an identity was employed by which the dreibeins e (This identity holds only if no modulus signs are used around the det E-term, otherwise one has to include a factor of sign(det E) in the equation.) In the quantization one substitutes the Poisson brackets by commutators. Again the volume operator plays a pivotal role.
Another role of the operatordet E was pointed out recently [17] . This is related to the fact that one has to impose a constraint det E > 0 classically, if the basic variables are chosen to be the Yang-Mills conjugate pairs (A i a , E a i ). This constraint distinguishes the phase space of gravity already at the kinematical level from that of a gauge theory. In the lattice theory, one can show that all non-vanishing eigenvalues ofdet E come in pairs of opposite sign [17] , and a quantum analogue of det E > 0 can be imposed. In practice, this requires an explicit diagonalization of the operatordet E.
Finally, another application is the possible inclusion of a cosmological constant term of the form λ d 3 x det E(x) in the Hamiltonian, with the integral taken over the entire spatial manifold. There are suggestions that this may be necessary in order to construct a non-trivial continuum limit of the (discretized) theory [18] .
Our present knowledge of the spectrum ofdet E or the volume operator is only partial.
It was observed in [9, 10] that its spectrum is discrete and non-zero contributions can only come from intersections of the Wilson loop states it acts on. Its diagonalization can in a socalled spin-network basis [19] be reduced to a diagonalization on finite-dimensional subspaces of Hilbert space. In [7] , we gave a general proof for why intersections have to be at least four-valent in order to give a non-trivial contribution. Part of the non-vanishing spectrum for such four-valent intersections was first given in [8] . These calculations were confirmed in [11] , where also a general formula for the matrix elements of the volume operator was derived. These were given in terms of an orthogonal basis, obtained by decomposing spin-network states (closely related to Wilson loop states) with n-valent intersections into three-valent ones. Another general expression for matrix elements, with respect to a different orthogonal basis, was given in [14] , together with formulae for spectra for simple special cases of classes of four-valent intersections. (In order to avoid confusion, it should be pointed out that different volume operators may differ by overall factors and modulus signs (see, for example, the comments in [13] ). Still, results on their spectra tend to be closely related.)
As we mentioned above,det E can be diagonalized on finite-dimensional subspaces. These are given by fixing the flux line (or spin) assignments on the edges incoming at a given intersection wheredet E acts. Another way of saying this is that there exist operators associated with these edges that commute withdet E. On the lattice, these are of the form iÊ a i (l)Ê ai (l) (no sum over a) with spectrum j(j + 2)/4, j = 0, 1, 2, . . ., and related to the measurement of area in the a-direction [20] .
One does not expect to be able to derive analytic formulae for the spectrum ofdet E as the dimension of the finite-dimensional subspaces obtained by fixing the quantum numbers j for the incoming edges grows. The explicit evaluation of the spectrum is therefore limited by one's computational ability to diagonalize large matrices. A suitable choice of basis in which the matrix elements are evaluated will eventually also be determined by the form of the Hamiltonian.
In this paper we construct further local operators, related to the geometry of the intersection of a spin network state, that commute withdet E, and lead to a further reduction of the finite-dimensional Hilbert spaces into smaller subspaces on whichdet E can be diagonalized separately. In mathematical terms, we will be analyzing the irreducible representations of a discrete local symmetry group of the quantum states, and decompose the Hilbert space accordingly. The method is general and can also be applied to other operators, most importantly the Hamiltonian constraint. This leads to a considerable simplification, as we will demonstrate for a class of six-valent intersections, with some of the resulting "superselection sectors" becoming totally non-degenerate with respect to their volume spectrum.
Our analysis will take place on a cubic lattice, and is therefore valid for all quantum states that can be realized on connected subsets of edges from such a lattice. The discrete symmetry group is in this case the 24-element group O, the so-called cubic or orthogonal group [21] . The analysis may be generalized to intersections with a different geometry and symmetry group.
In the next section, we introduce a labelling of local spin network states (more precisely, a labelling for the so-called intertwiners at an intersection) with a simple transformation behaviour under the cubic group. For the construction of the superselection sectors, the relevant discrete group is a subgroup O (6) of the cubic group times the Z Z 2 -factor associated with total spatial reflection. We describe its irreducible representations and give an explicit construction for states transforming according to a given irreducible representation from the elements of O (6) × Z Z 2 -orbits. In Section 3 we give the explicit form of the operatordet E associated with a vertex (or intersection) n. For a special class of six-valent intersections, corresponding to flux line assignments j = (j, j, j, j, j, j), we perform the orbit decomposition, the construction of the superselection sectors, and diagonalization ofdet E up to j = 10. All eigenvalues, together with their multiplicities in the individual sectors, are listed in Table 9 . We end in Section 4 with a summary of our results and a brief discussion of the condition det E > 0.
2 Action of the orthogonal group on the quantum state space Our kinematical quantum state space is the gauge-invariant sector of the Hilbert space of an SU (2)-lattice gauge theory in the Hamiltonian formulation [22] . Following the philosophy of spin network states [19] , we use flux line labels j = 0, 1, 2, . . . for lattice edges or links l. As an overcomplete set of labels for the contractors or intertwiners situated at a vertex n of the lattice we use 9 numbers j ik , i, k = 1, 2, 3 [17] . The index i denotes the incoming edges at n from the 1-, 2-, or 3-direction (with respect to some fixed orientation for the three lattice axes), and the index k the corresponding outgoing edges. That is, j 12 denotes the number of (unoriented) flux lines routed through n between the (-1)-and the 2-direction, etc. It is convenient to arrange the set of nine numbers into matrix form,
Given flux line assignments j i , i = −1, −2, −3, 1, 2, 3, for the in-and outgoing links, it is easy to generate all allowed intertwiner configurations J. The elements of the rows and columns of J simply have to add up to the appropriate j i , for example,
General elements of the cubic group O do not map intertwiners of the form (2.1) into themselves (but lead to configurations that by virtue of Mandelstam identities can be re-expressed as linear combinations of J-configurations). However, a six-dimensional subgroup O (6) of O leaves the label set invariant. Apart from the identity transformation, the non-trivial elements of this subgroup O (6) act on the J's according to As already mentioned in the introduction, our aim is to identify the irreducible representations of the discrete group O (6) (O (6) × Z Z 2 ), and construct corresponding superselection sectors on which the operatordet E ((det E) 2 ) can be diagonalized separately. The group O (6) contains three conjugacy classes of elements namely, {1l}, {R 1 , R 2 , R 3 } and {S 1 , S 2 }. Following [21] , one establishes the existence of three irreducible representations: two one-dimensional ones (called A 1 and A 2 ) and one two-dimensional one (called E). They can be identified by the values of their characters, i.e. the traces of the matrices representing the group elements (which only depend on the conjugacy class). The enlarged group O (6) × T has six conjugacy classes and six irreducible representations, since each of the previous representations gives rise to one of positive and one of negative parity, denoted by a subscript + or −. The characters for the group O (6) × T are given in Table 2 .
In order to establish the contents of irreducible representations of some general representation, one can make use of the following character formula. It relates the multiplicity m R of a given irreducible representation R in a general representation M to the number n K of elements in the conjugacy class K, the traces χ M K of matrices in the representation M in class K, and the characters χ R K of the irreducible representation R,
For the group O (6) , d = 6, and for the group
The possible orbit sizes that occur under the action of the group O (6) × Z Z 2 on states of the form (2.1) are 1, 2, 3, 6 and 12. We distinguish between parity-even and parity-odd orbits. In the former, all elements are parity-invariant, i.e. T (J) = J, whereas in the latter T (J) = J for all J. The contents of irreducible representations of the individual orbit types is listed in Table 3 (the numbers in brackets denote the number of J-states). Instead of diagonalizing a maximal set of commuting operators built from the elements of O (6) × Z Z 2 (for example, given by {1l, R 1 + R 2 + R 3 , S 1 + S 2 , T }) in a given finite-dimensional sector of Hilbert space, we have found it computationally simpler to first construct the orbits and from those the states transforming according to a definite irreducible representation. One way of how this may be done is illustrated in Table 4 (by J we denote in this context an arbitrary, fixed element of an orbit). Note that A + 2 -states change sign whenever one of the R i is applied. The prescriptions for the E-states in the two-dimensional representations are of course non-unique. Remember also that (2.4) induces a residual redundancy in the sets of states constructed according to Table 4 , leading to relations among elements from different orbits. For the explicit calculations of the next section (which were performed using Mathematica on a DEC AlphaStation 255 4/232 with 64 Mb RAM) these could be handled without particular problems. 
1-d even
A + 1 (1) 2-d odd A + 1 (1), A − 1 (1) 3-d even A + 1 (1), E + (2) 6-d odd A + 1 (1), A − 1 (1), E + (2), E − (2) 6-d even A + 1 (1), A + 2 (1), E + (4) 12-d odd A + 1 (1), A − 1 (1), A + 2 (1), A − 2 (1), E + (4), E − (4)A + 1 all orbits: (1l + T )(J + R 1 J + R 2 J + R 3 J + S 1 J + S 2 J) A − 1 all odd orbits: (1l − T )(J + R 1 J + R 2 J + R 3 J + S 1 J + S 2 J) A + 2 6-d even orbit: J + S 1 J + S 2 J − R 1 J − R 1 S 1 J − R 1 S 2 J 12-d odd orbit: (1l + T )(J + S 1 J + S 2 J − R 1 J − R 1 S 1 J − R 1 S 2 J) A − 2 12-d odd orbit: (1l + T )(J + S 1 J + S 2 J − R 1 J − R 1 S 1 J − R 1 S 2 J) E + 3-d even orbit: J − S 1 J, J − S 2 J, 6-d odd orbit: (1l + T )(J − S 1 J), (1l + T )(J − S 2 J) 6-d even orbit: (1l − S 1 )(J + R 1 J), (1l − S 2 )(J + R 1 J), (1l − S 1 )(R 2 J + S 2 J), (1l − S 2 )(R 2 J + S 2 J) 12-d odd orbit: (1l + T )(1l − S 1 )(J + R 1 J), (1l + T )(1l − S 2 )(J + R 1 J), (1l + T )(1l − S 1 )(R 2 J + S 2 J), (1l + T )(1l − S 2 )(R 2 J + S 2 J) E − 6-d odd orbit: (1l − T )(J − S 1 J), (1l + T )(J − S 2 J) 12-d odd orbit: (1l − T )(1l − S 1 )(J + R 1 J), (1l − T )(1l − S 2 )(J + R 1 J), (1l − T )(1l − S 1 )(R 2 J + S 2 J), (1l − T )(1l − S 2 )(R 2 J + S 2 J)
Determining the spectrum of the operator (det E)
We will now apply the results of the previous section to the discretized version det E(n) of the function (1.1), acting at a lattice vertex n. The corresponding self-adjoint quantum operator we will callD(n) (for convenience rescaled by a factor of 1 6 with respect to the definition in [8] ). In terms of the symmetrized link momentap i (n,â), it is given aŝ
and X i ± (n,â) denote the left-and right-invariant vector fields on the group manifold associated with the link l = (n,â), with commutators [
The key observation is that the classical lattice function D(n) ≡ det E(n) is invariant under the action of the 24-element cubic group O [21] (whose elements can be thought of as the orientation-preserving permutations of the three (oriented) lattice axes meeting at the intersection n). By contrast, D(n) changes sign under the total space reflection T (i.e. under simultaneous inversion of the three axes).
As a result of this classical symmetry, eigenstates ofD(n) can be classified according to the irreducible representations of O. This set-up is familiar to lattice gauge theorists, because it has been employed in analyzing the glueball spectrum of the Hamiltonian in four-dimensional SU (3)-lattice gauge theory [23] . As explained in Section 2, in the present SU (2)-context it is convenient to work with a set of local states that is partially gauge-fixed with respect to the O-action, leaving us with O (6) as the residual symmetry group.
The action of the operatorD(n) on states of the form (2.1) can be obtained by considering all possible ways in which the triple derivatives contained inD(n) can act on sets of flux lines routed through the vertex n. Its explicit form is given bŷ Note that the J-states are not orthogonal with respect to the Haar measure on the lattice. Still, we will see that within the superselection sectors of the cubic group, degeneracy of the eigenvalues ofD(n) is largely lifted, which makes orthogonality largely automatic. One can verify the following conjugation relations by using the explicit form (3.3) for the operatorD:
whence it follows thatD obeys the (anti-)commutation relations
We conclude thatD does not alter the O (6) -quantum numbers, but maps positive-into negative-parity states and vice versa. This latter property suggests a different approach to the diagonalization ofD(n). Firstly, it follows from [D, T ] + = 0 that [D 2 , T ] = 0. Secondly, we have shown in [17] that eigenstates ofD can be obtained from those ofD 2 . For any eigenstate χ ofD 2 with eigenvalue v = 0,D 2 (n)χ = v 2 χ, one may construct a pair of eigenstates of D(n) with eigenvalues ±v, namely,
Since in our search for eigenstates we would like to reduce the size of matrices that have to be diagonalized, it is simpler to diagonalizeD(n) 2 first, and then construct eigenstates of D(n) using (3.6). The explicit form forD(n) 2 contains 142 terms and can be obtained from (3.3).
One further observation turns out to be useful. Since parity-odd wave functions are constructed by weighted sums (with factors ±1) of spin network states, which may sometimes vanish, there are always fewer states transforming according to the representations A − i , E − , than those transforming according to A + i , E + . The most efficient way of diagonalizingD (and the one which we follow below) is therefore to start from the wave functions transforming in one of the negative-parity irreducible representations, diagonalizeD 2 , construct the images underD of the resulting states (which all have positive parity), and then form linear combinations according to (3.6) . The number of zero-volume states is given by the difference of positive-and negative-parity states. Table 5 Numbers of O (6) × Z Z 2 -orbits for states with j = (j, j, j, j, j, j).
As an application of the scheme outlined above, we have analyzed the irreducible representation contents of the sub-Hilbert spaces with flux line numbers j = (j −1 , j −2 , j −3 , j 1 , j 2 , j 3 ) = (j, j, j, j, j, j) (i.e. for genuine six-valent intersections) up to j = 10, and obtained the spectrum ofD(n). This class of configurations is special in the sense that states with fixed j are mapped into themselves by the action of O (6) × Z Z 2 . The numbers of orbits of a given type for fixed j (before imposing the constraints (2.4)) are listed in Table 5 .
We then proceeded as described above by diagonalizingD(n) 2 separately on the superselection sectors corresponding to different quantum numbers for the action of O (6) × Z Z 2 . The resulting numbers of linearly independent eigenstates ofD(n) with strictly positive and vanishing eigenvalues are listed in Tables 6 and 7 Table 8 Number of linearly independent states with fixed flux lines j = (j, j, j, j, j, j).
Comparing the rows for the A 1 -, A 2 -and E-sectors in Table 6 to the total numbers of states in the Hilbert spaces before the O (6) × T -action is taken into account (Table 8) , one observes that the matrix sizes are reduced considerably when the superselection sectors are treated separately. Another interesting feature is that the number of zero-eigenvalues grows less rapidly with j than that of the non-vanishing ones (by curve fits we found the dependences Finally, here are our results for the non-negative eigenvalues of the operatorD(n) = det E(n). The numbers in Table 9 are given in length units, i.e. we have taken the sixth root of the eigenvalues ofD(n). The three numbers in brackets give the degeneracy of eigenvalues in the A 1 -, A 2 -and E-sectors respectively. , where x is a non-negative eigenvalue ofD(n).
The spectrum is rather complex, and becomes more and more spread out with increasing j. There seem to be only three different degeneracy patterns, (1, 0, 0), (1, 0, 2) and (1, 1, 4).
Every eigenvalue that occurs is already contained in the O (6) -invariant (i.e. the A 1 -) sector, and is non-degenerate. It would be interesting to see whether this is also the case for more general flux line configurations. Note also that the highest eigenvalue for fixed j is always non-degenerate. The "volume deficit" observed in [24] (the fact that all volume eigenvalues are systematically smaller than expected from the (Laplacian) area eigenvalues, compared to the relation one would obtain for a Euclidean reference metric), persists for higher j, although it becomes less pronounced.
Summary and outlook
We have explained in this paper how the diagonalization of the volume operator in the loop representation of quantum gravity can be simplified by taking into account discrete symmetries at the intersections of the Wilson loop states. Applied to the case of up to sixvalent intersections on a cubic lattice, this requires the decomposition of Hilbert space into the irreducible representations of a six-dimensional subgroup O (6) of the cubic group. One finds a set of local operators that commute withdet E, and therefore can be diagonalized simultaneously. A further simplification arises when one includes the total spatial reflection, and diagonalizes the operator (det E) 2 , from which the eigenstates ofdet E can be obtained using the results in [17] . To demonstrate the viability of the method, we have calculated the spectrum for a class of six-valent intersections with flux line numbers (j, j, j, j, j, j), for j ≤ 10. We found that all eigenvalues are already contained in the O (6) -invariant sector, without degeneracy. It is conceivable that this sector is also distinguished on physical grounds, but this depends on how the continuum limit of the lattice theory will be taken.
Let us close with some comments on the conditiondet E > 0 which, as we have argued in [17] , should be imposed on the quantum state space. It remains to be seen at which stage of the quantization it is imposed most conveniently. Ignoring for the moment the zeroeigenvalue states, this condition reduces the dimensionality of the Hilbert space by a factor 2 x , where x is the number of intersections of the lattice. In addition, one obtains a condition on physical operatorsP, namely, that they should not map out of the subspace of states withdet E-eigenvalues ≥ 0 (or > 0). A sufficient condition is given by the vanishing of the commutator However, we have not found a simple form of this condition which would not require the explicit knowledge of the eigenstates ofdet E. Note that (4.1) is a rather strong condition which, for example, is not satisfied by the lattice analogues of the area operators defined in [25] . A less stringent condition is to require that (4.1) be satisfied in the limit as the lattice spacing is taken to zero. This is also sensible from a physical point of view, since the condition should be independent of the regularization (for example, the version of the area operator corresponding to a pure Laplacian [10, 20] obviously fulfills (4.1), but coincides with other discretized forms of the area to lowest order in the lattice spacing).
We do not know whether there is a way to formulate a condition likedet E > 0 in the continuum theory. The regularization used for the volume operator in [14] forces one to use modulus signs around the operator, in order that the square root |det E| is well-defined, something not necessary in the case of the lattice regularization. Nevertheless, we think that such a constraint on states, along with operator conditions of the type (4.1), should be imposed in the quantum theory -even if this leads to new complications -because they describe a property of the gravitational theory.
